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Abstract. We analyze discounted repeated games with incomplete information,
and such that the payoffs of the players depend only on their own type (known-own
payoff case). We assume that there exists an open set of payoffs in belief-free equi-
libria of Horner and Lovo (2009). The assumption is generically satisfied for games
with one-sided incomplete information as well as important examples of games with
multi-sided incomplete information. We prove a version of the folk theorem for this
setting: When players become sufficiently patient, all Nash equilibrium payoffs can
be approximated by payoffs in sequential equilibria in which information is revealed
finitely many times. We describe an algorithm to construct the set of equilibrium
payoffs. The results are illustrated on bargaining and duopoly examples.

1. Introduction

The goal of this paper is to describe all equilibrium payoffs in repeated games in
which the players have permanent and private information about their own payoff
types (known-own payoffs case). The players discount the future payoffs and we are
interested in the limit when players get very patient. The model of repeated games
with incomplete information was introduced in Aumann et al. (1966-68) (without dis-
counting). The model has many applications ranging from the analysis of oligopoly
with privately known costs, bargaining with incomplete information about prefer-
ences, nuclear disarmament, etc.

Our description of the equilibrium payoff set has two parts. In the first part, we
characterize the set of payoffs in a class of finitely revealing equilibria: sequential equi-
libria in which players reveal their information (by taking partially or fully separating
actions) at most finitely many times. In the second part, we show all payoffs attained
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in Nash equilibria of the repeated game can be approximated by the payoffs obtained
from the first part.

The first part builds on Peski (2008) who studied the special case of games with
one-sided incomplete information and two types. We begin with a well-known char-
acterization of payoffs in equilibria in which no information is revealed. Next, we de-
scribe a sequence of steps. In each step, we construct a finitely revealing equilibrium
profile with continuation payoffs that belong to one of the earlier steps. We alternate
between three kinds of constructions in which the initial play involves either (a) the
player types pooling their actions and not revealing any information, (b) the positive
probability types revealing some substantial information, or (c) the zero probability
types revealing information. Each step has a simple geometric characterization.

For the second part, we assume that there exists an open set of payoffs in sequential
equilibria in which during the first period of the game, all players fully reveal their
information (i.e., they take fully separating actions), and such that the players are ex
post indifferent between revealing their type truthfully or reporting any other type
(i.e., they are indifferent conditionally on any type of the opponent). The assumption
is equivalent to the existence of belief-free equilibria of Horner and Lovo (2009),
i.e., equilibria in which players’ strategies form a Nash equilibrium in the complete
information game with the true realized types. The assumption is generically satisfied
in games with one-sided incomplete information, and in many important examples
of games with multi-sided incomplete information (like oligopoly models). However,
there are generic games with two players and incomplete information on both sidesthat
do not satisfy the assumption.

The main advantage of our result is that the payoffs in finitely revealing profiles
are relatively easy to describe. We illustrate it with examples. First, we discuss a
model from Aumann et al. (1966-68) of bargaining over a pie with a cherry and with
incomplete information about players’ fondness for cherry. This model belongs to a
class of games in which all feasible payoffs are individually rational. We show that in
such games, all equilibrium payoffs can be approximated by payoffs in equilibria in
which all players immediately and fully reveal their information.
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Next, we discuss a class of oligopoly games. That class includes a Bertrand
oligopoly with privately known production costs from Athey and Bagwell (2008).
In that important paper, the authors propose mechanism design methods for analyz-
ing repeated games with incomplete information. Here, we explain that there is a
relation between the mechanism design approach and equilibria in which all players
fully and immediately reveal their information. We show that in oligopoly games
all equilibrium payoffs can be attained by equilibria of such type, and can be de-
scribed using the mechanism design approach. As an application, we argue that the
“pooling” result from Athey and Bagwell (2008) is not robust to alternative demand
specifications.

In the third example, we discuss a bargaining game with two players, one-sided
incomplete information, and two types (normal and “strong”) of the informed player.
We assume that the game between the normal type and the uninformed player has
strictly conflicting interests (Schmidt (1993)). The strong type payoffs are parametrized
as a convex combination between the payoffs of the normal type and the payoffs of a
player who is committed to play a single action (i.e., for whom repetition of the single
action is a dominant strategy in the repeated game). We describe the Pareto frontier
of the equilibrium set as a solution to a system of differential equations. We show
that there are efficient equilibria that require any arbitrarily large number of periods
with information revelation. When the payoffs of the strong type converge to the
payoffs of the committed player, all equilibrium payoffs converge to the Stackelberg
outcome of the informed player.

The initial literature on repeated games with incomplete information focused on
the no-discounting case (see Aumann and Maschler (1995)). This literature typically
assumes the general payoff case, in which players’ payoffs may depend on their oppo-
nents’ type.1 Hart (1985) obtains a complete characterization of equilibrium payoffs
with one-sided incomplete information, general payoff case, and no discounting. He

1To avoid players learning about the other players’ types from their own payoffs, it is often assumed
that the payoffs are not observed until the end of the (infinite) repeated game. This assumption is
not needed in the known-own payoffs case.
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shows that all such payoffs are equal to the expectations of certain type of bimartin-
gales. Shalev (1994) and Koren (1992) present sharper results in the known-own
payoffs case. This set is equal to the set of payoffs obtained in the sequential equi-
libria of games with discounting in which players immediately and completely reveal
all their information (see Cripps and Thomas (2003)), or the set of payoffs obtained
in the belief-free equilibria (Horner and Lovo (2009)).

Kreps and Wilson (1982) and Milgrom and Roberts (1982) introduced a model
of reputation with one-sided incomplete information about the type of the long-run
informed player: strategic or commitment (“reputational”) types. This literature
was extended to equal discounting and patient players in Cripps and Thomas (1997),
Chan (2000), and Cripps et al. (2005). Because, in the reputational model, the highest
payoff of the commitment type is equal to his minimax payoffs, this model does not
have an open set of payoffs. On the other hand, small perturbation of the reputational
types’ payoffs may create an open thread and restore the assumption. We can use
the “nearby” models to test the predictions of the reputational literature. Our third
example illustrates the robustness of the result of Cripps et al. (2005). In the same
vein, Horner and Lovo (2009) argue that Chan (2000) result is not robust.

Cripps and Thomas (2003) are the first to study payoffs in equal discounting and
general repeated games with one-sided incomplete information. They look at the
limit correspondence of payoffs when the probability of one of the types is close to 1.2

They show that the set of payoffs of the uninformed player and the high probability
type are close to the folk theorem payoffs in a complete information game. Cripps
and Thomas (1997) and Chan (2000) ask similar questions within the framework of
reputation games. All these results are proved by the construction of finitely revealing
equilibria.

Horner and Lovo (2009) study the general payoff case with multi-sided incomplete
information and they characterize the set of payoffs obtained in belief-free equilibria in
general payoff case. (Horner et al. (2009)) describe detailed conditions for information

2Cripps and Thomas (2003) also discuss the limit of payoff sets when the two players become infin-
itely patient, but player I becomes patient much more quickly than player U . Their characterization
is closely related to Shalev and Koren’s results for the no-discounting case.
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structures in N -player games under which the belief-free equilibria for all payoff
functions.) Our main result is limited to games in which the belief-free equilibria
exist. However, our characterization of equilibrium payoffs is not limited to such
equilibria. In particular, even if the belief-free equilibria exist, they may not capture
all equilibrium payoffs, or even, not all efficient equilibrium payoffs (see example at
the end of Section 5.2 and in Section 5.3).

There are other related papers on repeated games with discounting but with differ-
ent kind of incomplete information model. Wiseman (2005) considers the situation
in which the payoffs are initially unknown by all players (i.e., there is no asymmetric
incomplete information), and the players learn the payoff function from observing
the realization of their payoffs over time. Fudenberg and Yamamoto (2010) and Fu-
denberg and Yamamoto (2011) study the case where the payoffs and the monitoring
structure are initially unknown, and the players may start the game with private
information about the state of the world. The players learn over time by observing
singals. The authors find find conditions on the informativeness of the signals that
ensure that the complete information folk theorem for each state. In other words, in
their setting, the set of payoffs is not affected by initially incomplete information.

The next section describes the model and preliminary results. Section 3 describes
the construction of the limit set of payoffs in finitely revealing equilibria. Section 4
shows that given the existence of open set of payoffs in belief-free equilibria, each Nash
equilibrium payoff can be approximated by a payoff in a finitely revealing equilibrium.
We illustrate the result with examples in Section 5. Most of the proofs are postponed
to the Appendix.

2. Model

2.1. Notation. For each set X ⊆ Rd, we write intX, clX, and conX to denote
the interior, closure, and convexification of X. For each u ∈ Rd, each ε > 0, let
B (u, ε) = {u′ : ∀i |ui − u′i| < ε} be an open ball in the "city" metric.

Suppose that Xδ is a collection of sets for δ < 1 such that Xδ ⊆ X for some
compact set X. We are interested in the limits of payoffs when δ → 1. Define
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• lim supδ→1X
δ as the set of all accumulation points of sequences (αδn) , where

xδn ∈ Xδn and δn → 1. The supremum limit is the least upper bound on the
set of accumulation points because it contains each one.
• lim infδ→1X

δ as the set of points x such that for each sequence δn → 1, there
exists sequence xδn → x and such that xδn ∈ Xδn . The infimum limit is the
greatest lower bound on the set of accumulation points.

2.2. Repeated game. There are I players, i = 1, 2, ..., I.3 Before the first period of
the repeated game, each player i is privately informed about her payoff type θi. The
types are chosen by Nature from finite set Θi. We write Θ−i = ×j 6=iΘj to denote the
type tuples of all players but i, and Θ = ×iΘi to denote the type profile. We also
write Θ∗ = Θ1 ∪ ... ∪ ΘI to denote the disjoint union of the sets of types for each
player.

Each type θi of player i starts the game with beliefs πθi ∈ ∆Θ−i about the dis-
tribution of the other players’ types. The beliefs may differe accross types and they
may or may not be derived from a common prior. We assume that the belief sys-
tem π =

(
πθi
)
i,θi∈Θi

satisfies common rectangular support property: there exists set
Θπ
j ⊆ Θj for each player j such that for each type θi of each player i, πθi (θ−i) > 0 if

and only if θ−i ∈ ×j 6=iΘ′j. We refer to Θπ
j as the π-support of player j. We say that

type θj has π-positive probability if θj ∈ Θπ
j , and π-zero probability otherwise. Let

Π denote the space of belief systems with common rectangular support.
In each period t ≥ 0, each player i takes an action ai ∈ Ai and receives payoffs

gi (ai, a−i, θi) that depend on the actions of all players and the type θi of player i
(known-payoff case).

We encode the payoffs of different types of different players as a tuple v = (vi (θi))i,θi ∈
RΘ∗ with an interpretation that vi (θi) is the payoff of player type θi of player i (possi-
bly, after computing an expectation with respect to the distribution over other players’
types). Using this convention, we write g (a) = (gi (a, θi))i,θi ∈ R

Θ∗ to denote the vec-
tor of payoffs of all types of all players obtained with action profile a ∈ A ≡ ×iAi.

3The initial version of this paper was written for two players and common prior independent
types.
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Let

V = con {g (a) : a ∈ A} ⊆ RΘ∗ .

be the convex hull of payoff vectors g (a). Let M < ∞ be an upper bound on the
absolute value of payoffs.

Players discount the future with common discount factor δ < 1. We refer to the
game with discount factor δ and initial beliefs π as Γ (π, δ) .

We assume that |Ai| ≥ |Θi| for each player i. We also assume that players have
access to public randomization. These assumptions are for simplicity only, and they
can easily be removed.

Let Ht = At be the set of t-period histories ht = (as)t−1
s=0 (in order to keep the

notation as simple as possible, we omit the reference to public randomization). A
(repeated game) strategy of player i is a mapping si : ⋃tHt → ∆Ai. Let Si be the set
of player i’s repeated game strategies. For any profile s = (si)i of such strategies, let

vδ (s) = (1− δ)Es
∑

t
δtg (s (ht)) ∈ RΘ∗

denote the (normalized) expected payoff vector, where the expectation is computed
with respect to distribution over histories induced by profile s. Because

vδ (s) =
∑
a

g (a)
[
Es
∑

t
(1− δ) δts1 (a1|ht) s2 (a2|ht)

]
,

and the terms in the square bracket are non-negative and they sum up to 1, it must
be that vδ (s) ∈ V .

An (incomplete information game) strategy is a mapping σi : Θi → Si. A strategy
profile is a tuple σ = (σi)i of strategies σi. Define the expected payoff of player i type
θi given a belief system π as

vπ,δi (σ1, σ2; θi) =
∑

θ−i∈Θ−i
πθi−i (θ−i) vδi (σi (θi) , σ−i (θ−i) ; θi) .

Let vπ,δ (σ) =
(
vπ,δi (σ; θi)

)
i,θi
∈ RΘ∗ be the payoff vector of player i in game Γ (π, δ) .

2.3. Equilibrium. A strategy profile σ is a (Bayesian) Nash equilibrium in game
Γ (π, δ) for some π ∈ Π if for each player i type θi, strategy σi (θi) is the best response
of type θi.
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A strategy profile σ is totally mixed if for each player i, type θi, history ht, action
ai, σi (ai|ht, θi) > 0. Each totally mixed strategy profile σ together with the initial
belief system π ∈ Π induces through the Bayes formula well-defined belief mapping
p(σ,π) : ⋃tHt → Π. (Notice that if the initial beliefs have common rectangular support,
then the posterior beliefs also have common rectagular support.) For any strategy
profile σ, say that belief mapping p : ⋃tHt → Π is (σ, π)−consistent, if there exists
a sequence of totally mixed strategy profiles σn → σ such that p(σn,π) → p. If history
ht has a positive probability, i.e., if for each player i,

∏
s<t

σi
(
ais|hs, θi

)
> 0,

then p (ht) does not depend on the choice of sequence σn. We use this observation
without any further reminder.

A strategy profile σ is a sequential equilibrium in game Γ (π, δ) if there exists (σ, π)-
consistent belief mapping p such that for each player i type θi, history ht, continuation
strategy σi (ht, .) is the best response to continuation strategy σ−i (ht, .) given beliefs
pi (ht).

A sequential equilibrium is n-revealing if for any positive probability history h, there
exists at most n periods t such that p (ht) 6= p (ht−1) . A finitely revealing equilibrium
is a sequential equilibrium profile σ that is n-revealing for some n.

Let NEδ (π) , SEδ (π) , FRδ
n (π) , FRδ (π) ⊆ RΘ∗ be the sets of expected payoff

vectors vπ,δ (σ) in, respectively, Nash, sequential, n-revealing, or finitely revealing
equilibrium σ.

Before we proceed further, it is worth pointing out a few differences between re-
peated games with and without incomplete information. In the latter, the set of
feasible and individually rational payoffs is a natural candidate for the limit equi-
librium set. The main difficulty lies in constructing subgame perfect equilibria that
support each such payoff. With incomplete information, it is no longer true that all
feasible and individually rational payoffs can be obtained in a Nash equilibrium of
the repeated game and there is no natural candidate for the limit set of Nash pay-
offs. Moreover, the set of equilibrium payoffs typically depend on the initial beliefs.
Because any equilibrium play in which information is revealed has continuation play
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in a game with posterior beliefs that differ from the prior, the payoffs sets for differ-
ent beliefs are related to each other. Thus, the characterization must simultaneously
describe the entire equilibrium correspondence NE(.) (or FR (.), SE (.)).

2.4. Individual rationality. Let σ be a Nash equilibrium profile. The expected
payoff of the weighted average of types of player i cannot be smaller than the weighted
minimax of player i: for each φ ∈ RΘi

+∑
θi
φθivi (σ|θi) ≥ mi (φ) := min

α−i∈×j 6=i∆Aj
max
αi∈∆Ai

∑
θi
φθig (αi, α−i|θi) . (2.1)

If not, then at least one i’s type would have a profitable deviation. This is standard
(Blackwell (1956); see also Hart (1985), and Peski (2008) or Horner and Lovo (2009)
for games with discounting). Define the set of individually rational payoffs as

IR =
{
v ∈ RΘ∗ : ∀i∀φ ∈ Φdi

+ , φ · vi ≥ mi (φ)
}
.

2.5. “Complete information” game. We describe the payoffs in the “complete
information” game with initial prior beliefs πθ∗ that in which all types of all players
assign full probability to type tuple θ∗ = (θ∗i )i ∈ Θ. It turns out that each payoff can
be interpreted as an outcome of the following mechanisms. First, players signal their
types (either through actions, or, if it is available, using a costless communication
device). If each player signals θ∗i , the play continues with repeated game strategies
that lead to payoff vector uθ∗1 = ... = uθ

∗
I ∈ V . If exactly one player signals a type

θi 6= θ∗i (i.e.,πθ-zero probability type θi), the continuation payoff vector is equal to
uθi ∈ V . The zero probability signals of two or more players are treated as if all
players signals are equal to θ∗. To provide i incentives for the truthful revelation, it
must be that uθi (θi) ≥ uθ

′
i (θi) for each player i and types θi and θ′i. The payoff of

each type θi in such a mechanism is equal to vu (θi) = uθi (θi). We refer to vu ∈ RΘ∗

as the value of allocation u.
Let U (θ∗) be the set of allocations

(
uθ
)
such that uθ ∈ V , uθ∗i = uθ

∗
j for all players

i and j, and that are incentive compatible. Let

NE (θ∗) = IR ∩ {vu : u ∈ U (θ∗)} .
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Theorem 1. If set NE (θ∗) has a nonempty interior, then

lim sup
δ→1

NEδ
(
πθ
∗) = lim inf

δ→1
FRδ

0

(
πθ
∗) = NE (θ∗) .

We omit the proof, because this result is well-known (Koren (1992), Shalev (1994),
Peski (2008), and Horner and Lovo (2009)). The idea is to make players use actions
to report their types and receive continuation payoffs uθi following report θi. The only
difficulty is to make sure that the continuation payoffs are individually rational after
one of the players reports zero-probability types. To address this difficulty, following
zero-probability report θi 6= θ∗i , we make players enter a short (in expectation) phase
during which they choose actions that lead to an average payoff equal to uθi . At the
(stochastic) end of this phase, the players restart the process by being offered yet
another opportunity to signal their zero-probability types. In this way, we can ensure
that the payoffs of the true types are individually rational, and, at the same time,
player i obtains the long-run payoff uθi by repeatedly signaling the zero-probability
type.

3. Finitely revealing payoffs

In this section, we construct a lower bound on the limit set of payoffs in finitely
revealing equilibria, lim infδ→1 FR

δ (π). The construction goes through a number of
steps. We start with the “complete information” payoffs:

FRC
0 (π) =

 intNE (θ∗) , if π = πθ
∗
,

∅, otherwise.

By Theorem 1, FRC
0 (π) ⊆ lim infδ→1 FR

δ
0 (π) for each π.

Next, we construct a sequence of sets:

... ⊆ FRC
n−1 (π) ⊆ FRA

n (π) ⊆ FRB
n (π) ⊆ FRC

n (π) ⊆ ...

Each set contains payoffs in equilibria with continuation payoffs that belong to the
set obtained in the previous step. There are three kinds of constructions: either (A)
equilibrium continuation play can be preceded by a sequence of non-revealing actions,
or (B) positive probability types can reveal nontrivial information (B), or (C) players
can signal their zero probability types.
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We can define the limit of these sets as n→∞. Let

FR = cl
⋃
FRC

n .

The main result of this section shows that the limit in the limit set of the payoffs in
finitely revealing equilibria.

Theorem 2. For each π ∈ Π , FR (π) ⊆ lim infδ→1 FR
δ (π).

3.1. Non-revealing actions. Suppose that u is a payoff in a finitely revealing equi-
librium σ. Take any v ∈ V and assume that there exists a pure action profile a ∈ A
such that g (a) = v. (Such an assumption is without loss of generality due to the
existence of public randomization.) Construct a new strategy profile σ′ such that in
each period s ≤ t players chose actions a, and in period t, they start playing according
to profile σ. The expected payoff of σ′ is a convex combination of payoffs u and v

with weights corresponding to the length of the initial interval:

u′ =
(
1− δt

)
v + δtu.

The new strategy profile is not necessarily an equilibrium as players may have
incentives to deviate in the initial phase. However, as long as u′ is individually
rational, one can modify σ′ to turn it into an equilibrium. Define

FRA
n (π) = int

(
IR ∩ con

(
FRC

n−1 (π) ∪ V
))
.

Lemma 1. If FRC
n−1 (π) ⊆ lim infδ→1 FR

δ
n−1 (π) , then FRA

n (π) ⊆ lim infδ→1 FR
δ
n−1 (π) .

3.2. Revelation of information. Information is revealed (possibly, only partially)
in each period in which different types of a player play different (possibly, mixed)
actions. It is convenient to distinguish between two kinds of information revelations.
First, we construct equilibria in which only positive probability types reveal informa-
tion. Assume that the initial beliefs are equal to π. Let α = (αi) be a profile of the
first-period stage game strategies αi : Θi → ∆Ai. We assume that each action played
with positive probability by some type is also played with positive probability by a
π-positive probability type: for each ai, if there exists θi such that αi (ai|θ) > 0, then
there exists type θ′i ∈ Θπ

i such that αi (ai|θ′i) > 0.
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Let u (a) be the continuation payoff vector after action profile a is played. To
provide incentives for players to use strategies α, it must be that for each player i,
type θi, and any positive probability action ai,

E
π
θi
−i
ui (ai, α−i (θ−i) , θi) ≤ E

π
θi
−i
ui (αi (θi) , α−i (θ−i) , θi) . (3.1)

(We ignore the (small) payoffs from choosing actions αi in the first period.)
We refer to tuple l = (α, u) as a continuation lottery. Define the value of the lottery

l as a payoff vector vπ,l ∈ RΘ∗ such that for each player i and type θi

vπ,li (θi) = E
π
θi
−i
ui (αi (θi) , α−i (θ−i) , θi) .

If the lottery satisfies inequalities (3.1), we say that it is π-incentive compatible.
Let L (π) be the set of π−incentive compatible lotteries and that satisfy the above
restriction on the support of players’ strategies.

For each profile of actions a played with positive probability, let pπ,l (a) =
(
pπ,l,θii (a−i)

)
i,θi

denote the posterior belief system obtained through the Bayes formula. (Notice that
the beliefs of player i depend only on the actions chosen by other players.) We show
that if vπ,l is the value in the lottery l ∈ L (π) such that the continuation payoffs
u (a) are finitely revealing equilibria in games with initial priors pπ,l (a), then vπ,l is
the finitely revealing payoff in the game with initial beliefs π. Define

FRB
n (π) =

{
vπ,l : l ∈ L (π) , and ∀pos. prob. a

u (a) ∈ intFRA
n

(
pπ,l (a)

)}
.

Lemma 2. If FRA
n (π) ⊆ lim infδ→1 FR

δ
n−1 (π) , then FRB

n (π) ⊆ lim infδ→1 FR
δ
n−1 (π) .

3.3. Zero-probability types. Next, we describe equilibria in which only zero-probability
types reveal information. The idea is similar to the construction described in the
“complete information” case (see the discussion following Theorem 1).

For each finitely equilibrium payoff v ∈ FRB
n (π), we can construct a new profile

in the following way. In the first period, players have an opportunity to signal their
type. If all players signal positive π-probability types, or two or more of the players
signal π-zero probability types, the players play strategies that lead to the initial
equilibrium payoff v. To simplify the subsequent notation, we write uθi = v for any
π-positive probability type θi. Otherwise, if player i signals a π-zero probability type
θi, the players’ continuation payoffs are equal to uθi ∈ intcon

(
V ∪ FRB

n (π)
)
. In such
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a case, the outcome payoff can be any convex combination of non-revealing actions
with finitely revealing payoffs. In order for players to signal their types truthfully,
the allocation must be incentive compatible, i.e., uθi (θi) ≥ uθ

′
i (θi) for each player i

and types θi and θ′i.
Let Un (π) be the set of incentive compatible allocations uθi ∈ intcon

(
V ∪ FRB

n (π)
)

such that uθi = uθj ∈ FRB
n (π) for any π-positive probability types θi and θj of players

i and j. The payoff vector vu such that vu = uθi (θi) for each player i type θi is called
the value of allocation u. Define

FRC
n (π) = intIR ∩ {vu : u ∈ Un (π)}

Lemma 3. If FRB
n (π) ⊆ lim infδ→1 FR

δ
n−1 (π) , then FRC

n (π) ⊆ lim infδ→1 FR
δ
n−1 (π) .

Theorem 2 follows from Theorem 1, and Lemmas 1, 2, and 3.

4. Equilibrium payoffs

In this section, we state our main assumption and show that under this assumption,
all Nash equilibrium payoffs can be approximated by payoffs in the finitely revealing
equilibria.

4.1. Open thread assumption. A thread is an assignment u∗ : Θ∗ → RΘ∗ such
that for each player i, each θi, θ′i ∈ Θi and θ−i ∈ Θ−i,

u∗ (θi, θ−i) ∈ NE (θi, θ−i) and (4.1)

u∗i (θi, θ−i) = u∗i (θ′i, θ−i) .

We say that there exists an open thread if u∗ can be chosen so that u∗i (θi, θ−i) ∈
intNE (θi, θ−i) .

Suppose that u∗ is an open thread. For each π ∈ Π, define u∗ (π) ∈ RΘ∗ so that for
each player i type θi,

u∗i (θi|π) =
∑

θi,θ−i
πθii (θ−i)u∗ (θi|., θ−i) .

(u∗ (θi|., θ−i) is equal to θi-cordinate of the payoff vector u∗ (θ′i, θ−i) for some θ′i; by
the assumption, this value does not depend on the choice of θ′i.).
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Lemma 2 implies that u∗ (π) is a payoff in a fully and immediately revealing equi-
librium of the game with initial beliefs π and sufficiently high δ. Thus, there exists
a multi-linear thread of equilibrium payoff vectors that passes through game Γ (π, δ)
for each π ∈ Π.

All games with two players and one-sided incomplete information have a thread.
This follows from the analysis of the non-discounted games in Shalev (1994) (see also
Peski (2008)). Additionally, in the case of two players, the threads are essentially
equivalent to payoffs in belief-free equilibria of Horner and Lovo (2009), and the
existence of a thread is a necessary and of an open thread is a sufficient condition for
the existence of such equilibria (see Appendix A).

4.2. Main result. Our main result provides a characterization of the set of equilib-
rium payoffs.

Theorem 3. If there exists an open thread, then,

lim sup
δ→1

NEδ (π) = lim inf
δ→1

FRδ (π) = FR (π) .

The Theorem has two main implications. First, a version of the folk theorem
holds: All Nash equilibrium payoffs for a sufficiently high discount factor can be
approximated by payoffs in sequential, finitely revealing equilibria.

Second, together with the results from Section 3, the Theorem provides an al-
gorithm to find an explicit description of the set of equilibria payoffs. One should
start with the sets of payoffs in the complete information games for each tuple of
types and then follow a sequence of well-defined steps. In Section 5, we illustrate the
construction of the equilibrium set with examples.

The proof is quite simple. We take a Nash equilibrium profile, and we modify it in
order to pull the continuation payoff towards the multi-linear thread u∗. To see how
it works in an example, suppose that v is a payoff in a Nash profile in which during
the first period the players choose non-revealing action profile a (i.e., all types of each
player i play the same action ai). Let v (a) be the equilibrium continuation payoffs.
Then, v is a convex combination of instantaneous payoffs g (a) and the equilibrium
continuation payoffs v (a) , v = (1− δ) g (a) + δv (a)(see Figure 4.1).
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Figure 4.1.

Suppose that v′ is a payoff vector that is a convex combination between v and the
value of the thread u∗ (π), v′ = γv + (1− γ)u∗ (π). We can find a vector v′ (a) such
that

• v′ is a convex combination between v′ (a) and g (a), v′ = (1− δ′) g (a)+δ′v′ (a).
Thus, we can interpret v′ as a payoff w in a profile that starts with action a
followed by continuation payoffs v′ (a), in a game with discount factor δ′ > δ.
• v′ (a) is a convex combination between v (a) and the thread u∗ (π), v′ (a) =
γ′v′ (a) + (1− γ′)u∗ (π).

Simple algebra shows that

γ = γ′

γ′ (1− δ) + δ

which implies that γ′ < γ. Thus, the relative distance between v′ (a) and the thread
u∗ (π) is smaller than the relative distance between v′ and the thread.

If v is a payoff in an equilibrium in which some information is revealed in the first
period, we use the multi-linearity of thread u∗ to show that the relative distance to
the thread is preserved in games with new posterior beliefs. Once the continuation
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payoffs get sufficiently close to thread u∗, we conclude the profile with one period of
full revelation of information followed by an equilibrium of the “complete” information
game.

Formally, Theorem 3 follows from two inclusions

FR (π) ⊆ lim inf
δ→1

FRδ (π) ⊆ lim sup
δ→1

NEδ (π)

and
lim sup

δ→1
NEδ (π) ⊆ FR (π) . (4.2)

The first inclusion is a consequence of Theorem 2. We need to show the other inclu-
sion.

Suppose that u∗ (π) is an open thread. Let r > 0 be such that for all type profiles
θ,

B
(
u∗
(
πθ
)
, r
)
⊆ NE (θ) .

For each δ < 1, define γδ1 = r
2M . For each n > 1, inductively define

γδn = γδn−1
γδn−1 (1− δ) + δ

∈
(
γδn−1, 1

)
. (4.3)

Notice that γδn > γδn−1 and limn→∞ γ
δ
n = 1. Inclusion (4.2) follows from the following

result.

Lemma 4. For each n such that
(
1− γδn

)
r > (1− δ)M, for each π ∈ Π, each

v ∈ NEδ (π) ,
γδnv +

(
1− γδn

)
u∗ (π) ⊆ intFRC

n (π)

4.3. Proof of Lemma 4. The proof of Lemma 4 goes by induction on n. First, we
show the inductive claim for n = 1. Because ‖v‖ ≤M for each v ∈ NEδ (π) , we have

r

2Mv +
(

1− r

2M

)
u∗ (π) ∈ B (u∗ (π) , r) ⊆ FRB

n (π) ⊆ FRC
n (π) .

The first inclusion comes from Lemma 2 and the definition of an open thread. The
second comes from the definition of set FRC

n (π) .
Next, suppose that the argument holds for n−1. Take any prior beliefs π and Nash

payoff vector v ∈ NEδ (π) . Find an equilibrium profile σ that supports v. Say that
action ai is played with positive probability by player i in the first period if there
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exists π-positive probability type θi such that σi (ai|∅, θi) > 0. Let A0
i denote the set

of actions played with positive probability.
We assume without loss of generality that the continuation strategies are the best

responses for all players and all types after all positive probability histories. (If profile
σ does not have such a property, it can be easily modified without affecting the initial
payoffs and equilibrium conditions.)

Non-revealing payoffs. For each positive probability action profile a ∈ A0
1 × A0

2,

each type θi, let
v (a) =

(
v
p(a)
i (σ (a, .) ; θi)

)
i,θi
∈ RΘ∗

be the vector of continuation payoffs after a. Because a occurs with positive probabil-
ity, we can assume w.l.o.g. that the continuation profile σ (a, .) is a Nash equilibrium
and that v (a) is a Nash payoff in game Γ (p (a) , δ) . By the inductive assumption,

γδn−1v (a) +
(
1− γδn−1

)
u∗ (p (a)) ∈ intFRC

n−1 (p (a)) .

Define
u (a) = (1− δ) g (a) + δv (a) .

Using (4.3), we get

γδnu (a) +
(
1− γδn

)
u∗ (p (a))

=γδn [δv (a) + (1− δ) g (a)] +
(
1− γδn

)
u∗ (p (a)) (4.4)

=
(
1− (1− δ) γδn

) [
γδn−1v (a) +

(
1− γδn−1

)
u∗ (p (a))

]
+ (1− δ) γδng (a) (4.5)

∈intcon
(
FRC

n−1 (p (a)) ∪ V
)
.

Because v (a) is a payoff in a Nash equilibrium, v (a) ∈ IR. Because (1− δ)M ≤(
1− γδn−1

)
r, it must be that

γδn [δv (a) + (1− δ) g (a)] +
(
1− γδn

)
u∗ (p (a)) ∈ intIR. (4.6)

Then, (4.5) and (4.6) imply that for each positive probability a,

γδnu (a) +
(
1− γδn

)
u∗ (p (a)) ∈ FRA

n (p (a)) (4.7)

Revelation of information. For each π-positive probability type θi, let

αi (θi) = σi (∅, θi) ∈ ∆A0
i .
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For each π-zero probability type θi, let

αi (θi) ∈ arg max
ai∈A0

i

u (ai, α−i) .

We claim that continuation lottery l = (α, u) is π-incentive compatible. Indeed,
for positive probability types, inequality (3.1) follows from the fact that σ is a Nash
equilibrium profile; for the zero-probability types, the inequality follows from the
choice of αi (θi) .

Consider lottery l′ =
(
α, γδnu (.) +

(
1− γδn

)
u∗ (p (.))

)
. We show that lottery l′ is

π−incentive compatible. Indeed, the properties of the thread u∗ imply that for each
positive probability ai ∈ Ai, all types θi, θ−i,

E
π
θi
i

Eα−i(θ−i)u
∗ (θi|pi (a−i) , p−i (ai, a−i))

=
∑

θ−i,a−i,θ′−i
πθi−i (θ−i)α−i (a−i, θ−i) pi

(
θ′−i|a−i

)
u∗i
(
θi|., θ′−i

)
(4.8)

=
∑

θ′−i
πθi−i

(
θ′−i
)
u∗i
(
θi|., θ′−i

)
= u∗i (θi|π) .

In particular, the first line of (4.8) does not depend on positive probability action ai.
Together with the fact that lottery l is π-incentive compatible, the above implies that
inequalities (3.1) hold for each type θi.

The value of lottery l′ is equal to

vπ,l
′ = γδnv

π,l +
(
1− γδn

)
u∗ (π) ,

where vπ,li is the value of lottery l. Then, (4.7) implies that

γδnv
π,l +

(
1− γδn

)
u∗ (π) = vπ,l

′ ∈ intFRB
n (π) .

For future reference, notice that

vπ,li (θi) = vi (θi) for π-positive probability θi,

vπ,li (θi) ≤ vi (θi) = vπi (σ; θi) for π-zero probability θi.

The latter follows from the fact that action αi (θi) is not necessarily the best response
action of zero probability type θi.
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Zero-probability types. Finally, we define an incentive compatible and u : Θ∗ →
intcon (V ∪B (u∗ (π) , r)):

• For each π-positive probability type θi, let

uθi = vπ,l
′ = γδnv

π,l +
(
1− γδn

)
u∗ (π) ∈ intFRB

n (π) .

• For each π-zero probability type θi, let

uθi = γδn

(∑
θ−i∈Θ−i

π−i (θ−i) vδi (σi (θi) , σ−i (θ−i))
)

+
(
1− γδn

)
u∗ (π)

Notice that uθi ∈ intcon (V ∪B (u∗ (π) , r)) .

We check that u is incentive compatible. Because σ is a Nash equilibrium, type θ′i
weakly prefers strategy σi (θ′i) rather than strategy σi (θi) . It follows that

uθi (θ′i) ≤γδn
(∑

θ−i∈Θ−i
π−i (θ−i) vδi (σi (θ′i) , σ−i (θ−i) ; θ′i)

)
+
(
1− γδn

)
u∗ (π)

=uθ′i (θ′i) .

Finally, notice that for each player i, type θi,

vi (θi) = vui (θi) =
∑

θ−i∈Θ−i
π−i (θ−i) vδi (σi (θi) , σ−i (θ−i) ; θi) .

Thus,

γδnv +
(
1− γδn

)
u∗ (π) =

(
uθ (θ)

)
θ∈Θ1∪Θ2

∈ FRC
n (π) .

This ends the proof.

4.4. Quality of approximation. The proof of Theorem 3 leads to the following
bounds on the quality of the approximation of the Nash equilibrium set by n-revealing
sets FRC

n . Recall that M is an upper bound on the absolute value of the payoffs and
r > 0 is the size of the open thread.

Corollary 1. Let A = max
{

2M
r
, 2
}
. For each v ∈ NEδ (π) , each ε > (1− δ)A, and

either n ≥
⌈

2 log 2A
ε(1−δ)

⌉
, or n ≥ 1

(1−δ)2 ,

(1− ε) v + εu∗ (π) ∈ FRC
n (π) .
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Proof. We show first that for each δ ≥ 1
2 and each ε > 0, if n ≥

⌈
log 2A
ε(1−δ)

⌉
+ 1, then

γδn ≥ 1− ε. If not, then γδ1 ≤ .... ≤ γδn ≤ 1− ε, and

γδn ≥
1

δ + (1− δ) (1− ε)γ
δ
n−1 = 1

1− (1− δ) εγ
δ
n ≥

(
1

1− (1− δ) ε

)n−1 1
2A,

where the last inequality follows from the definition of γδ1 = r
2M . Because

− log (1− ε (1− δ)) ≥ ε (1− δ) ,

we have a contradiction:

γδn ≥ e(n−1)ε(1−δ) 1
2A ≥ 1 > 1− ε.

Fix v ∈ NEδ (π) . Take any ε > (1− δ)A. By Lemma 4 and the convexity of set
FRC

n (π), γv + (1− γ)u ∗ (π) ∈ FRC
n (π) for each n ≥

⌈
log 2A
ε(1−δ)

⌉
+ 1 and any γ ≤ γδn

such that 1− γ ≤ 1− (1− δ)A. Letting γ = 1− ε establishes the first result.
For the second result, take ε = (1− δ)A, and observe that for A ≥ 2, log 2A

A
≤ 1.

The result follows from the first part. �

5. Examples

Section 3 describes an algorithm for finding all the finitely revealing payoffs. In this
section, we illustrate the algorithm with three examples. In the first two examples,
bargaining over a pie with a cherry and a class of oligopoly games with privately
known costs, all equilibrium payoffs can be approximated by the payoffs in fully and
immediately revealing equilibria. In the third example, a bargaining game with one-
sided incomplete information, the set of equilibrium payoffs is substantially larger
than 1-revealing payoffs. In fact, the equilibria that yield the maximal payoff for the
uninformed party typically involve a large number of revelation periods.

5.1. A pie with a cherry. In the first pages of their book, Aumann and Maschler
(1995) describe repeated bargaining over a pie with a cherry. A version of this model
goes like this. In each period, two players must divide a pie. The pie has two parts:
with and without a cherry. In each stage, player 1 proposes a division of the two
parts (x, y), where x, y ∈ (0, 1). Player 2 accepts or rejects the offer. If the offer is
rejected, neither one gets anything, and the players’ stage payoffs are equal to 0. If
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the offer is accepted, player 1 receives payoff u1 (x) + θ1u1 (y), and player 2 receives
payoff u2 (1− x) + θ2u2 (1− y), where θi is privately known taste for the cherry and
ui are strictly increasing utility functions.

It turns out that all equilibrium payoffs for positive probability types of patient
players can be obtained by the full and immediate revelation of all private informa-
tion. This result follows from a slightly more general observation. Notice that in
the bargaining with a cherry, the individually rational set is equal to the set of all
non-negative payoffs. Because all feasible payoffs are non-negative, they are also in-
dividually rational. Moreover, if the uncertainty over tastes for cherry is nontrivial,
the feasible non-revealing set has nonempty interior.

Theorem 4. Suppose that set V has a nonempty interior and that V ⊆ IR. Then, for
each belief system π ∈ Π such that all types of each player have π-positive probability,

lim sup
δ→1

NEδ (π) = lim inf
δ→1

FRδ (π) = clFRB
1 (π) .

The proof of Theorem 4 is an application of the constructive characterization of
the set of equilibrium payoffs from Theorem 3. We show that none of the stages of
construction after stage 1B adds new vectors of payoffs for positive probability types
(new payoffs may be added for zero-probability types). The details can be found in
Appendix D.

5.2. Oligopoly. I firms are competing on the same market. Let Mi ⊆ RΘi be the
set of payoff vectors attainable by firm i if firm i was the only firm on the market.
We refer to Mi as the set of monopoly payoffs. We assume that Mi is convex, that it
contains the zero-payoff vector 0i ∈ Mi, and that the intersection of Mi with the set
of strictly positive payoff vectors has a nonempty interior.

Further, we assume that each payoff vector in the game between the firms is a
convex combination of monopoly payoffs:

V = con {M1 × {02} ∪ {01} ×M1} .

Thus, for each v, for each player i, there exists monopoly payoff mi ∈Mi and market
share βi ≥ 0 such that ∑i βi ≤ 1, and the vector of payoffs of player i is equal to vi =
βimi. The interpretation is that each payoff vector can be replicated by schemes so
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that periods in which firm i is monopolist and firm −i is inactive, and possibly periods
in which both firms are inactive (or engaged in aggressive competition). Finally, we
assume that the set of individually rational payoffs is equal to the set of vectors with
non-negative coordinates, IR={v : vi (θi) ≥ 0 for each iand θi}. Any game with such
a structure is called a oligopoly game.

If we interpret θi as the cost parameter, actions as quantities or prices, then the
above assumptions are satisfied in various oligopoly models.

Example 1. The firms play a Cournot duopoly w. The firms choose quantities q1

and q2. The payoff of firm i with cost type θi is equal to qi(P (q1 + q2)− θi) where
P (.) is an inverse demand function. The payoff is equal to the fraction qi

q1+q2
of the

monopoly payoff obtained from producing quantity q1 + q2. By choosing quantity 0,
each firm can ensure that its payoff is not smaller than 0. Moreover, if we assume
that limq →∞ P (q) < inf Θi, then, by choosing a sufficiently large quantity, firm −i
can ensure that the profits of firm i are not higher than 0.

Another model is a Bertrand oligopoly with demand D (.). The firms choose prices
p1 and p2. The payoff of each firm i is equal to D (pi) (pi − θi) if the firm i’s price is
lower that the price of its competitor, 1

k
D (pi) (pi − θi) , if the prices of k firms are

equal to the lowest price, and 0 otherwise.

Theorem 5. For each oligopoly game, each belief system π ∈ Π such that all types
of each player have π-positive probability to all types of all players,

lim sup
δ→1

NEδ (π) = lim inf
δ→1

FRδ (π) = clFRB
1 (π) .

The Theorem provides a characterization of the Nash (and sequential) equilibrium
payoffs in oligopoly games. If the prior beliefs π assign positive probability to each
type, then all equilibrium payoffs can be obtained (or, more precisely, approximated
by payoffs) in profiles in which all firms immediately reveal their costs.

The proof of Theorem 5 is an application of the constructive characterization of
the set of equilibrium payoffs from Theorem 3. We show that none of the stages of
construction after stage 1B adds new vectors of payoffs for positive probability types
(new payoffs may be added for zero-probability types). The details can be found in
Appendix D.
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The proof of Theorem 5 implies a simple mechanism-design type-of characterization
of the set of equilibrium payoffs (see Lemma 9 for details): For each payoff vector v,
v ∈ clFRB

1 (π) if and only if for each type profile θ, each firm i, there exist monopoly
payoffs mθ

i ∈ Mi and market shares βθi ≥ 0, such that ∑i β
θ
i ≤ 1 and the following

conditions hold:

(1) Individual rationality: mθ
i (θi) ≥ 0,

(2) Incentive compatibility: for each type θ′i,

v (θi) =
∑

θ−i
π (θ−i) βθimθ

i (θi)

≥
∑

θ−i
π (θ−i) βθi max

[
m
θ′i,θ−i
i (θi) , 0

]
.

In particular, any equilibrium payoff v can be approximated by a payoff in a profile
in which firms immediately reveal their costs and if θ is the true type profile, then
player i’s payoff is equal to is βθimθ

i (θi). The first condition ensures that individual
rationality is satisfied ex post, and the second condition ensures that firms have in-
centives to reveal their types truthfully (although the incentives are not necessarily
ex post).

Non-revelation result of Athey and Bagwell (2008). As an application, we perform
a quick test of the robustness of a claim from Athey and Bagwell (2008). Athey
and Bagwell (2008) analyze a Bertrand model with a demand that is constant and
equal to one unit below some reservation price r > 0 and the demand disappears
at prices higher than r. They show that for a sufficiently large discount factor, and
given some assumptions on the distribution of cost types, in the (ex ante) optimal
symmetric equilibrium, all players choose the same price and receive the same market
share regardless of their (privately known) costs. In other words, one can sustain the
best payoff in equilibrium in which no player ever reveal any information. There is no
contradiction between Athey and Bagwell (2008)’s result and Theorem 5.4 First, their

4There are other differences between Athey and Bagwell (2008)’s and our model. For example, the
demand specification does not lead to nonempty interior and our result does not apply. However, it
applies to “nearby” models in which the demand below price r is not completely inelastic. In addition,
Athey and Bagwell (2008) work with the continuum type model, whereas this paper assumes that
there are only finitely many types. These differences do not seem to be important for this discussion.
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characterization of optimal equilibrium is tight for all sufficiently high δ < 1, whereas
ours simply says that any equilibrium payoff can be approximated by fully revealing
payoffs. In fact, one can construct equilibria in which players fully reveal their costs
in the first period and then they proceed to ignore the revealed information. Because
revelation of information is costly, it should be avoided in optimal equilibrium of
Athey and Bagwell (2008).

Nevertheless, the “equal price and market share” claim is not robust to modifica-
tions of the demand. Define the monopoly payoff vector that maximizes the payoffs
of type θi among all monopoly payoffs of player i:

m∗θi = arg max
m∈Mi

m (θi) .

In Athey and Bagwell (2008), the optimal monopoly price is equal to r and does not
depend on the player’s type. In general, in both Cournot or Bertrand models, if the
demand function is differentiable, then the optimal monopoly action depends on the
cost.

Corollary 2. Suppose that the monopoly actions m∗θi are not the identical for all
types. Then, for any π that assigns positive probability to all types, for all sufficiently
high δ < 1, there is no Pareto-optimal equilibrium in which players’ behavior does
not depend on type.

Proof. Suppose that v is an efficient payoff in a profile in which, on the equilibrium
path, the players’ behavior does not depend on the type. Then, there exists β ≥ 0
and mi ∈Mi such that

v = β (m1,02) + (1− β) (01,m2)

is on the Pareto-frontier of FRB
1 (π) . For each player, construct a payoff vector m∗i

such that for each type θi, m∗i (θi) = max
{
m∗θi (θi) ,mi (θi)

}
≥ mi (θi) with some

inequalities strict. Using the mechanism-design characterization, it is easy to check
that

v∗ = β (m∗1, 0−i) + (1− β) (0−i,m∗2) ∈FRB
1 (π)

and that there exists type θi such that v∗i (θi) > vi (θi) . �
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Belief-free vs. fully and immediately revealing equilibria. In the above characteri-
zation of equilibrium payoffs, firms have incentives to reveal their private information
ex ante, before they learn the true types of the other player. Next, we show on an
example that we cannot improve the incentives to hold ex post (i.e., conditionally on
each of the type of the other player). In particular, we show that there exist effi-
cient repeated equilibria that are fully and immediately revealing, but that are not
belief-free.

Consider a symmetric Cournot model with two players and two cost types for each
player, Θ = {h, l}, where h > l > 0. Let qθ be the quantity that maximizes the
monopoly payoffs of type θ and let mq ∈ RΘ be the monopoly payoff vector from
quantity q. Then, the monopoly profits are maximized by the firm with low costs and
choosing quantity ql. We assume that the optimum is strict:

mql (l) > mqh (l) ,mql (h) . (5.1)

Additonally, we assume that the payoff of the high type from choosing quantity ql is
strictly positive, but much smaller than the maximum payoff attainable by this type:

mqh (h) > 6mql (h) . (5.2)

We are interested in strategies that maximize the ex ante expected sum of payoffs
of both firms. Because of (5.1), the first best for interior beliefs is attained if and
only if:

• conditionally on both types being equal to θ, the strategies use public ran-
domization to mix between action profiles in which one of the firms is inactive,
and the other one produces quantity qθ. In symmetric equilibrium, the two
action profiles are chosen with equal probability,
• conditionally on firm i having low costs and firm −i having high costs, only
firm i is active and it produces quantity ql

It is clear that the first best allocation cannot be attained in belief-free equilibrium.
Indeed, notice that at least one firm i must expect positive profits in state in which
both firms report l. Because firm i receives zero profits if it reports l and the other
firm reveals h, firm i has no ex post incentives to reveal its true type conditionally
on the other firm having low costs.
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(u, f1, f2) W eak Tough
W eak 2, 2, 2x 0, 4, 1 + 3x
Tough 4, 0, 0 −2,−2, 1− 3x

Table 1. Payoffs in bargaining game.

On the other hand, if πi (h) = 1
2 for both players i., then (5.2) implies that sym-

metric strategy profile satisfies the ex ante incentive compatibilty. In particular, the
first best expected payoff can be attained in repeated game equilibrium.

5.3. Labor union - firm bargaining. Consider the following class of games parametrized
with x ∈ [0, 1]. There are two players, a labor union (U) and a firm (F ). The firm
can be either a normal type, θF = 1, or a strong type, θF = 2. Each player chooses
between two actions, W eak and Tough. The payoffs are given in Table 1.

• When x = 1, the payoffs of the normal and strong types of the firm are
equal, and the firm and the union play a multi-period bargaining model with
complete information.
• When x = 0, the union U and the normal type have payoffs as in the complete
information game. The strong type has a (repeated-game) dominant action to
play T in every period. This an example of a model of reputation with equal
discount factors for two players. The complete information game has strictly
conflicting interest (Schmidt (1993)): the normal type has a commitment
action T such that the union’s best reply gives the union its minimax payoff
of 0. Cripps et al. (2005) show a reputational result for this class of games:
for any p < 1, and for δ high enough, all Nash equilibrium payoffs of the union
and the normal type are close to (4, 0).
• For intermediate x, the payoff of the strong type is a convex combination
between the normal type and the completely strong type of the reputation
case x = 0. The techniques of Cripps et al. (2005) do not apply. (In fact, as
we show, the reputational result does not hold). On the other hand, the game
has an open thread assumption, and we can use Theorem 3 to compute the
set of equilibrium payoffs.
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Figure 5.1. Payoffs of the firm’s types

The goal of this section is to describe an “upper,” Pareto-optimal, part of the equi-
librium set (the “lower” part can be described in an analogous way). To simplify the
exposition, we assume that x < 1

5 .

Notation. Notice that the minimax strategy of each player is T , which implies that
the set of individually rational payoffs is equal to

IR = {(u, f1, f2) : u ≥ 0, f1 ≥ 0, f2 ≥ 1− 3x} .

In order to describe the payoff sets, we need some notation. We use π ∈ [0, 1] to
denote the probability of the strong type. We write f = (f1, f2) ∈ R2 to denote the
payoffs of the two types of player F, and v = (u, f) ∈ R3 to denote the vector of payoffs
of both players. For any fa 6= f b, let I

(
fa, f b

)
be the interval on a two-dimensional

plane that connects fa and f b. For any not co-linear va, vb, vc ∈ R3, for each f ∈ R2,
let Hva,vb,vc (f) be the unique value such that

(
Hva,vb,vc (f) , f

)
belongs to the unique

affine hyperplane that passes through points vx.
Figure 5.1 illustrates the payoffs of the firm’s types. We find f ∗ = (f ∗1 , 1− 3x) such

that f ∗ ∈ I (gF (W,T ) , gF (W,W )). Find f̂ =
(
0, f̂2

)
such that f ∈ I (gF (W,T ) , gF (T, T )) .

Finally, we find f ∗∗ = (f ∗∗1 , 1− 3x) so that Hg(T,W ),g(T,W ),g(T,T ) (f ∗∗) = 0.
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Define sets A,B′, B′′ ⊆ R2,

A =con {f ∗∗, f ∗, gF (W,T )} ,

B′ =con {f ∗∗, (0, 1− 3x) , gF (W,T )} ,

B′′ =con
{
f̂ , (0, 1− 3x) , gF (W,T )

}
.

Sets A,B′,and B′′ are illustrated on Figure 5.1.
For each f ∈ B′, choose j′ (f) ∈ [0, f ∗∗] so that f belongs to the interval I (gF (W,T ) , (j′ (f) , 1− 3x)) .

Similarly, for each f ∈ B′′, choose j′′ (f) ∈
[
1− 3x, f̂

]
so that f belongs to the interval

I (gF (W,T ) , (0, j′′ (f))) .
Complete information payoffs. We say that function uπ describes the upper surface

of equilibria if for each f,

uπ (f) = sup {u : (u, f) ∈ FR (π)}

(we take uπ (f) = −∞, if the right-hand side set is empty). Then, using Theorem 1,
we can describe the “upper” surface of the payoffs in the complete information case
π ∈ {0, 1} . Let

u1 (f) =

4− f1, f ∈ A ∪B′ ∪B′′,

−∞, otherwise.

u0 (f) =

min
{
Hg(T,W ),g(T,T ),g(W,T ) (f) , 4− 4

1+3xf2
}

f ∈ A,

−∞, otherwise.
Incomplete information payoffs. We use the characterization from Section 3 to

construct the upper surfaces of FR (π). First, we construct a sequence of payoff
vectors vn that belong to a finitely revealing set in game with initial belief pn = n

N
,

whereN <∞. Next, we takeN →∞ and show that the constructed path of equilibria
converges to the solution of a certain differential equation.

First, consider the game with initial belief p0 = 0. Let j0 = f ∗∗. Due to the
above description of the upper surfaces in the complete information case, v0 =
(0, j0, 1− 3x) ∈ FR (0) .

Next, consider the game with initial beliefs p1. Vector

v′ = 1− p1

1− p0
(0, j0, 1− 3x) + p1 − p0

1− p0

(
u1 (j0, 1− 3x) , j0, 1− 3x

)
.
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is equal to the value of the p1-incentive compatible lottery in which the firm’s normal
type gets revealed with probability p1−p0

1−p0
, upon which the players’ continuation payoffs

are equal to (u1 (j0, 1− 3x) , j0, 1− 3x) . If the normal type is not revealed, the labor
union updates its belief to p0, and the play continues with payoffs (0, j0, 1− 3x).
Because of stage B of the construction of the finitely revealing set (Lemma 1), v′ ∈
FR (p1) .

Further, construct a profile in which players play actions (T, T ) for some fraction
α of time, and then continue with a profile that leads to payoffs v′. The payoffs in
such a profile are equal to

v1 = αg (T, T ) + (1− α) v′.

We choose α so that the payoff of the labor union in vector v is equal to 0. Then, by
stage A (Lemma 2), v1 = (0, j1, 1− 3x) ∈ FR (p1) , where

j1 = (p1 − p0)u1 (j0, 1− 3x)
1− p0

(
2 + p1 − p0

1− p0
u1 (j0, 1− 3x)

)−1

(2 + j0) .

Using the same argument, we show that if vn = (0, jn, 1− 3x) ∈ FR (pn), and jn
is not too close to 0, then vn+1 = (0, jn+1, 1− 3x) ∈ FR (pn+1) ,where

jn+1 = jn + (pn+1 − pn)u1 (jn, 1− 3x)
1− pn

(
2 + pn+1 − pn

1− pn
u1 (jn, 1− 3x)

)−1

(2 + jn) .

After some algebraic transformations, we obtain

pn+1 − pn
jn+1 − jn

=
2 + pn+1−pn

1−pn u1 (jn, 1− 3x)
2 + jn

1− pn
u1 (jn, 1− 3x) .

By taking limit N →∞, the above equation converges to the differential equation

dp

dj
= − 2

2 + j

1− p (j)
u1 (j, 1− 3x) . (5.3)

(The minus comes from the fact that pn+1 − pn = − 1
N
.)

Suppose that p′ : [0, f ∗∗] → [0, 1] is a solution to (5.3) such that p′ (f ∗∗) = 0.
Choose π∗ so that p′ (0) = π∗. The above analysis implies that for each π ≤ π∗, each
j ∈ [0, f ∗∗],

(0, j, 1− 3x) ∈ FR (p′ (j)) .
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Because set FR (p′ (j)) is convex and it contains vector g (W,T ), it must be that
(0, f) ∈ FR (p′ (j′ (f))) for each f ∈ B′.

Similar equations can be derived for the elements of set B′′. Let p′′ :
[
1− 3x, f̂

]
→

[0, 1] be a solution to the following differential equation: p′′ (1− 3x) = π∗, and

dp′′

dj
= − 4/3

f̂ − j
1− p′′ (j)
u1 (0, j) . (5.4)

Then, for each f ∈ B′′, we have (0, f) ∈ FR (p′′ (j′′ (f))) .

Proposition 1. The following functions describe the upper surfaces of FR (π):

• if π ≤ π∗, let

uπ (f) =


πu1 (f) + (1− π)u0 (f) , f ∈ A,
π−p′(j′(f))
1−p′(j′(f))u

1 (f) , f ∈ B′ and π ≥ p′ (j′ (f)) ,

−∞, otherwise.

• if π > π∗, let

uπ (f) =



πu1 (f) + (1− π)u0 (f) , f ∈ A,
π−p′(j′(f))
1−p′(j′(f))u

1 (f) , f ∈ B′ and π ≥ p′ (j′ (f))
π−p′′(j′′(f))
1−p′′(j′′(f))u

1 (f) , f ∈ B′′ and π ≥ p′′ (j′′ (f))

−∞, otherwise.

Proof. The above discussion shows that (uπ (f) , f) ∈ FR (π) for each f ∈ R2 such
that uπ (f) > −∞.We are left with showing that for each u > uπ (f), (u, f) /∈ FR (π) .

Define correspondence F (π) ⊇ {(u, f) : u ≤ uπ (f)} for each π. We will show that
none of the operations described in Section 3 adds any payoffs to correspondence F.

First, notice that F (π) = IR ∩ con {V ∪ F (π)}.
Second, we are going to show each π-incentive compatible lottery such that the

continuation payoffs belong to correspondence F (.) has its value in set F (π) . Indeed,
suppose that l = (α, ψ) is such a lottery with value v = (u, f) and continuation payoffs
ψ (a) = (u (a) , f (a)) after positive probability actions a of the firm. Then, f (a) ≤ f

with equality if action a is played with positive probability by the two types of the
firm. Moreover, if action a is played with positive probability by only one type, we
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can use the description of the upper surfaces in the “complete information” games to
show that up(a) (f) ≥ up(a) (f (a)).

Consider lottery l′ = (α, ψ′), where ψ′ (a) =
(
up(a), f

)
for all actions a. Then, the

description of the upper surface uπ implies that

u ≤
∑
a

p (a)up(a) ≤ uπ (f) ,

which, in turn, implies that (u, f) ∈ F (π) .
Finally, notice that for π ∈ (0, 1), both types of the firm have positive probability,

and stage C does not add any payoffs. These three observations imply that FR (π) ⊆
F (π) and that uπ is the upper surface of equilibrium payoffs. �

Equilibrium behavior. One can use the above analysis to (approximately) predict
the dynamics along the equilibria that support payoffs on the upper surfaces. As an
example, we describe the equilibrium behavior that induces (approximately) payoff
vector (0, f1, 1− 3x) in the game with initial beliefs p′ (f1) for some f1 ∈ [0, f ∗∗] .
Such a profile can be described by, roughly, three phases.

• In the revelation phase, the labor union and the strong type of player F play
Tough. The normal type of F plays Tough almost all the time. Infrequently,
the normal type plays W eak fully revealing himself. The phase ends either
because the normal type plays W , or because the posterior probability of the
normal type becomes equal to 0. In the former case, the players continue with
the “normal type” phase; in the latter, the players continue with the “strong
type” phase. The continuation payoff of the normal type f1 throughout the
revelation phase gradually increases with the decreasing posterior probability
p′ (f1) of the normal type. The rate with which the normal type choosesW eak
is chosen so that the continuation payoff of the labor union is equal to 0 at
each moment of the revelation phase.
• In the “normal type” phase, players play the “complete information” game
equilibrium with payoffs equal to (u1 (p′ (f1)) , f1, 1− 3x), where f1 is the ex-
pected continuation payoff of the normal type at the moment of revelation.
• In the “strong type” phase, players play the equilibrium of the “complete
information” game with payoffs (0, f ∗∗, 1− 3x) .
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(u1, u2, f1, f2) W eak Tough
W eak 2, 2x, 2, 2x 0, 0, 4, 1 + 3x
Tough 4, 1 + 3x, 0, 0 −2, 1− 3x,−2, 1− 3x

Table 2. Payoffs in bargaining game.

In a similar way, we can describe strategy profiles that induce any other payoff on
the upper surface.

Two-sided incomplete information. We show that if x ≤ 3
100 , then a version of the

above model with symmetric, two-sided incomplete information does not have any
threads. Indeed, suppose that there are two types of each player, and the payoffs are
given in Table 2.

On the contrary, suppose that u∗ (π) is the thread. Let uns = u∗
(
π(normal1, strong2)

)
be the thread Nash equilibrium payoff vector given that the first player is revealed to
be normal and the second player is revealed to be strong. Because the equilibrium
payoffs must be individually rational, it must be that

uns1 (normal1) ≥ 0 and uns2 (strong2) ≥ 1− 3x.

By Theorem 1, there exists α ∈ ∆A such that

uns1 (normal1) = 2αWW + 4αTW − 2αTT ≥ 0, (5.5)

uns2 (strong2) = 2xαWW + (1 + 3x)αWT + (1− 3x)αTT ≥ 1− 3x,

and
uns2 (normal2) ≥ 2αWW + 4αWT − 2αTT .

The next result shows that uns2 (normal2) > 2.

Lemma 5. Suppose that x ≤ 3
100 . Then, 2αWW +4αWT −2αTT > 2 for each α ∈ ∆A

that satisfies inequalities (5.5) .

The proof of Lemma 5 can be found in Appendix E.
A symmetric argument shows that usn1 (normal1) > 2, where usn is the thread

equilibrium payoff vector if the first player is strong, and the second player is normal.
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Because players must be ex post indifferent about revealing their type truthfully, we
have

unn2 (normal2) = uns2 (normal2) > 2,

unn1 (normal1) = usn1 (normal1) > 2,

where unn is the thread payoff vector if both players are revealed to be normal.
On the other hand, the sum of the payoffs of the normal types given any action

profile is never higher than 4. This implies that for any equilibrium payoff vector
u∈ NE (normal1, normal2), u1 (normal1)+u2 (normal2) ≤ 4. The contradiction shows
that u∗ cannot be a thread.

6. Conclusions

In this paper, we provide a characterization of the equilibrium payoffs in repeated
games with incomplete information, with discounting, known-own payoffs, and per-
manent types. We assumed there exists an open multi-linear thread of payoffs in
equilibria in which in the first period of the game, players fully reveal their informa-
tion (i.e., all types of each players take separating actions), and such that the players
are ex post indifferent between revealing their type truthfully or reporting any other
type (i.e., they are indifferent conditionally on any type of the opponent). The as-
sumption is generically satisfied in games with one-sided incomplete information as
well as some important examples of games with multi-sided incomplete information.

Our characterization provides an algorithm to construct the equilibrium set through
a sequence of geometric operations. This algorithm can be implemented numerically.
In examples, we show the characterization can be used to find the exact description
of the equilibrium sets analytically. Further work is required to build tools that
allow for analytical description in general games. For instance, the equilibrium set
in the bargaining problem from Section 5.3 is described as a solution to a certain
ordinary differential equation. This method can be easily generalized to other games
with one-sided uncertainty and two types. We suspect that differential equations
play an important role in more general settings (with more types or with multi-sided
uncertainty), but we do not know how to do it.
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Other questions are left open by this paper. Most importantly, we would like to
know whether a similar characterization holds for games in which an open thread
assumption is not satisfied (see an example at the end of section 5.3 or Horner and
Lovo (2009)). Our current methods do not allow us to form a hypothesis one way
or the other. It would be interesting to check whether the current analysis extends
in some way to the case of persistent types.5 We leave these questions for future
research.
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Appendix A. Threads and belief-free equilibria with two players

Horner and Lovo (2009) give two necessary conditions for the existence of belief-free
equilibria in the case of two players. We restate the conditions in our notation and
in the known-payoff case. For each probability distribution α ∈ ∆A, let g (α) ∈ V be
the expectation of payoff vectors g (a) taken with respect to α. Take a pair of vectors
vi ∈ RΘ1×Θ2 for each player i.

• Vectors (v1, v2) satisfy Individual Rationality if for each player i, each type θ−i,
the payoffs of player i types are individually rational: ∀φ ∈ Φdi

+ , φ · v
.,θ−i
i ≥

mi (φ) , where mi (φ) is the value of the φweighted minimax defined in (2.1).
• Vectors (v1, v2) satisfy Incentive Compatibility if for each type profile (θ1, θ2) ,
there exists αθ1,θ2 ∈ ∆A such that for each type profile (θ1, θ2) , player i, type
θ′i,

v
θi,θ−i
i = gi

(
αθi,θ−i |θi

)
≥ gi

(
αθ′i,θ−i|θi

)
.

Say that u∗ : Θ1 × Θ2 → RΘ∗ is a thread if conditions (4.1) for each player i, each
θi, θ

′
i ∈ Θi and θ−i ∈ Θ−i are satisfied. The next result shows that the Threads

are essentially equivalent to Individually Rational and Incentive Compatible payoff
vectors.

Lemma 6. Suppose that u∗ : Θ1 × Θ2 → RΘ∗ is a thread. Let (v1, v2) be a pair of
vectors vi ∈ RΘ1×Θ2 such that vθi,θ−ii = u∗ (θi, θ−i|θi) for each player i. Then, (v1, v2)
satisfy Individual Rationality and Incentive Compatibility.
Conversely, suppose that pair of vectors vi ∈ RΘ1×Θ2 satisfies Individual Rationality
and Incentive Compatibility. For each player i types θi, θ′i ∈ Θi, and θ−i ∈ Θ−i, let

u∗ (θ′i, θ−i|θi) = v
θi,θ−i
i .

Then, u∗ is a thread.

Proof. Part I. Suppose that u∗ is a thread. By the definition of sets NE (θ1, θ2) from
Theorem 1, there exist probability distributions αθ

∗
1 ,θ
∗
2

θi,θ−i
∈ ∆A such that for each type

profile (θ∗1, θ∗2) , and for each θi, θ−i,

u∗ (θi|θ∗1, θ∗2) = gi
(
α
θ∗1 ,θ

∗
2

θi,θ∗−i
|θi
)
,



REPEATED GAMES WITH INCOMPLETE INFORMATION 37

and for each player i and all types θi, θ′i,

gi
(
α
θ∗1 ,θ

∗
2

θi,θ∗−i
|θi
)
≥ gi

(
α
θ∗1 ,θ

∗
2

θ′i,θ
∗
−i
|θi
)

Define

vθ1,θ2
i = u∗ (θi, θ−i|θi) .

Because u∗ is a thread, for each player i, type θ−i, each type θ′i

v
θi,θ−i
i = u∗ (θ′i, θ−i|θi) .

Because u∗ (θ′i, θ−i) ∈ IR, the payoffs of types of player i in the vector u∗ (θ′i, θ−i) are
individually rational. This shows that vectors (v1, v2) satisfy Individual Rationality.

Next, we show that (v1, v2) satisfies Incentive Compatibility. For each type profile
(θ1, θ2) , define

α∗θ1,θ2 = αθ1,θ2
θ1,θ2 ∈ ∆A.

Then,

vθ1,θ2
i = g

(
α∗θ1,θ2|θi

)
,

and

vθ1,θ2
i = g

(
α∗θ1,θ2|θi

)
= g

(
αθ1,θ2
θ1,θ2 |θi

)
= u∗ (θi|θ1, θ2) = u∗ (θi|θ′1, θ2)

= g
(
α
θ′1,θ2
θ1,θ2 |θi

)
≥ g

(
α
θ′1,θ2
θ′1,θ2
|θi
)

= gi
(
α∗θ′i,θ−i |θi

)
.

Part II. Suppose that pair of vectors vi ∈ RΘ1×Θ2 satisfies Individual Rationality
and Incentive Compatibility. Let αθ1,θ2 ∈ ∆A be as in the definition of Incentive
Compatibility. For each profile (θ1, θ2) , each player i type θ′i, define

u∗ (θ1, θ2|θ′i) = v
θ′i,θ−i
i = gi

(
αθ′i,θ−i |θ

′
i

)
.

Then, for each profile (θ∗1, θ∗2) , the vector of the payoffs of player i types, u∗i (.|θ∗1, θ∗2) =
v
.,θ−i
i , is individually rational. Thus, u∗ (θ∗1, θ∗2) ∈ IR. Moreover, for each profile

(θ∗1, θ∗2) , and any two types θi, θ′i,

u∗ (θ∗1, θ∗2|θi) = gi
(
αθi,θ∗−i |θi

)
≥ gi

(
αθ′i,θ∗−i |θi

)
.

This shows that u∗ (θ∗1, θ∗2) ∈ NE (θ∗1, θ∗2) . �
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Appendix B. Proofs of section 3

B.1. Preliminary results.

Lemma 7. For each ε > 0, there exists δε < 1, mε < ∞ such that for each player
i, each m ≥ mε, and each v such that B (v, ε) ⊆ IR, there exists m-period strategies
of players j 6= i, µv,m,εj : ⋃s<mε (Ai)s−1 → ∆Aj such that such that for any sequence
âi =

(
ai0, ..., a

i
mε−1

)
of actions of player i, each type θi, each δ ≥ δε

M v,m,ε,δ
i

(
âi; θi

)
:= 1− δ

1− δm
∑m−1

s=0 δsEgi
(
ais, µ

v,ε
−i

(
ai0, ..., a

i
s−1

)
; θi
)

≤ vi (θi) ,

where the expectation is taken over actions induced by strategies µv,m,ε−i .

Proof. The Lemma is a discounted version of the Blackwell approachability argument
(Blackwell (1956)). The proof follows the same line and an observation that when
δ → 1, the discounted payoff criterion in a game with finitely many periods converges
to the average payoff criterion. �

B.2. Proof of Lemma 1. Before we present the details, we briefly describe the main
idea. Take any v∗ ∈ FRA

n (π) = intIR ∩ con
{
intFRC

n−1 (π) ∪ V
}
. Find α∗ ∈ (0, 1),

g∗ ∈ V , and u∗ ∈ conintFRC
n−1 (π) such that v∗ = α∗g∗ + (1− α∗)u∗. Assume that

there exists a pure action profile a∗ such that g (a∗) = g∗. The assumption is without
loss of generality due to public correlation.

Find a sequence of tδ such that δtδ → 1− α∗ as δ → 1. We are going to construct
a profile in which during the initial tδ periods, players play action profile a∗ and then
continue with a finitely revealing equilibrium with payoffs u so that v∗ =

(
1− δtδ

)
g∗+

δt
δ
u. Any deviation by player i during period t triggers a punishment phase in which

player i is initially minimaxed using the strategy from Lemma 7, and then the players
continue with a strategy profile that induces payoffs vi (â) that depend on the realized
actions during the minimaxing. The continuation payoffs after the minimaxing are
chosen so that all players are indifferent among all actions during the minimaxing
phase and the overall payoff from the punishment of player i phase is equal to vi,tδ−t =(
1− δtδ−t

)
g∗ + δt

δ−tui∗. We choose u and ui∗ so that they are sufficiently close to u∗
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and can be sustained by finitely revealing equilibria for sufficiently high δ. Moreover,
we need to choose ui∗so that no player has proper incentives not to deviate.

Let k∗ = 100
1−α∗ and find ε > 0 so that B (u∗, 2kε) ⊆ conintFRC

n−1 (π). Using
compactness, one can show that for sufficiently high δ, for each u ∈ B (u∗, kε), there
exists a strategy profile σu that induces payoff u and such that is a (n− 1)-revealing
equilibrium of game Γ (π, δ). (It might be necessary to use public randomization if
u∗ /∈ intFRC

n−1 (π).)
For each player i, find ui∗ ∈ B (u∗, kε) so that

ui∗ (θi) ≤ u∗ (θi)−
2ε

1− α∗ for each θi, and (B.1)

ui∗ (θ−i) ≥ u∗ (θ−i) for each θ−i.

For each t ≤ tδ and each player i, let vi,t = (1− δt) g∗ + δtui∗. Because of (B.1), for
sufficiently high δ, and each player j 6= i,

vj,t (θ−i) ≥ vi,t (θi)− 2ε. (B.2)

Find mε and δε from Lemma 7. Assume that m ≥ mε and the discount factor
δ ≥ δε are high enough so that m (1− δ)M < ε, and (1− δm) ε > 2 (1− δ)M .

Let µ∗j = µv
i,t−ε,m,ε
j be the minimax strategies of players j 6= i from Lemma 7.

Let M∗
i (âi) be the associated payoff vector of player i playing action sequence âi =(

ai0, ...., a
i
m−1

)
. For each sequence of actions âi of player i and â−i of players −i, define

â = (âi, â−i) and payoff vector vi (a) so that for each type θi of player i,(
1− δmε

)
M∗

i

(
âi; θi

)
+ δmvi (â; θi) = vi,t (θi) ,

and for each type θj of player j 6= i,

(1− δ)
∑m−1

s=0 δsgj
(
ais, a

−i
s ; θj

)
+ δmvi (â, θj) = vi,t (θj) .

Notice that because M∗
i (ai; θi) ≤ vi,t (θi)− ε for each type θi of player i,

vi (â, θi) ≥ vi,t (θi) + (1− δm) ε = vi,t (θi) + 2M (1− δ) .

Moreover, due to (B.2), for each type θi of player j 6= i,

vi (â, θj) ≥ vi,t (θj)− (1− δm)M ≥ vi,t (θj)− ε > v−i,t (θj) + 2M (1− δ) .

Construct a strategy profile σ. There are two types of regimes:
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• Normal(v, t) for t ≤ tδ and v so that (a) there exists u ∈ B (u∗, kε) such that
v = (1− δt) g∗ + δtu, and (b) v (θi) ≥ vi,t (θi) + 2M (1− δ) for each player i
and type θi. Players play action profile a∗ for t periods s = 0, 1, ...., t − 1. If
there is no deviation, player continue with strategy profile σu. Simultaneous
deviations of two or more players are ignored. A deviation by single player i
in period s initiates regime Punishment(i, t− s). The expected payoff in the
beginning of regime Normal(v, t) is equal to v.
• Punishment(i, t): The regime lasts m periods. Players −i play strategies
µ∗−i. Player i randomizes uniformly across all action sequences

(
ai0, ..., a

i
m−1

)
.

After m periods, regime Normal(vi (â) , t) is initiated, where â are the actions
played during the regime. The expected payoff in the beginning of regime
Punishment(i, t) is equal to vi,t.

The profile starts in regime Normal
(
v∗, tδ

)
. We check that the strategy profile σ is

a (n− 1)-revealing equilibrium. In each period of the Punishment(i, t) regime, all
players are indifferent between all actions. In particular, they do not have one-shot
profitable deviations. Any one-shot deviation during the Normal(v, t) period leads
to the payoff not higher than (1− δ)M + δvi,t. If v (θi) ≥ vi,t (θi) + 2M (1− δ), the
deviation is not profitable.

Finally, because the strategies prescribe the same (possibly, mixed) actions for all
types of each player, the beliefs do not get updated before (n− 1)-revealing profile
σu is started.

B.3. Proof of Lemma 2. Take any v ∈ FRB
n (π) and find here exists ε > 0 and

an incentive compatible lottery l = (α, u) such that v = vπ,l and B (u (a) , 2ε) ⊆
intFRA

n

(
pπ,l (a)

)
for each positive probability action profile a. We can assume w.l.o.g.

that all actions have positive probability.
Using the compactness argument (and, possibly, public randomization), we can

show that there exists δ0 such that for all δ ≥ δ0, each a, and each u′ ∈ B (u (a) , ε),
there exists a strategy profile that induces payoff u′ and that is a (n− 1)-revealing
equilibrium of game Γ

(
pπ,l (a, ) , δ

)
.

For each action profile, let uδ (a) = 1
δ
u (a) − (1− δ) g (a) ∈ B (u (a) , ε) . For each

a, find n-revealing equilibrium profile σa that induces uδ (a).
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Let σ be a strategy profile in which in the first period players play according to
α, and continue with σ (a) after first period history a. Then, σ is a (n− 1)-revealing
equilibrium for sufficiently high δ with expected payoff v.

B.4. Proof of Lemma 3. Take any v∗ ∈ FRC
n (π). By the definition of set FRC

n (π),
there exists an allocation u : Θ∗ → int

(
V ∪ FRB

n (π)
)
such that uθi = uθj ∈ FRB

n (π)
for all π-positive probability types θi and θj of players i and j, and uθi (θi) ≥ uθ

′
i (θi)

for all players i and types θi 6= θ′i.

• For each player i and π-positive probability type θi, let u∗ = uθi ∈ intFRB
n (π).

• For each player i and π-zero probability type θi, find payoff vectors vθi ∈ V
and wθi ∈ intFRB

n (π) , and real number βθi ∈ [0, 1] such that

uθi = βθivθi +
(
1− βθi

)
wθi .

Due to public randomization, we can assume that there are pure action profiles
aθ such that g

(
aθi
)

= vθi .

Find ε > 0 such that B (u∗, 2ε) , B
(
wθi , 2ε

)
⊆ FRB

n (π). For each player i, find
u∗i ∈ B (u∗, ε/2) such that

u∗i (θi) ≤ u∗ (θi)− ε for each θi,

u∗i (θ−i) ≥ u∗ (θ−i) for each θ−i.

By the hypothesis, there exists δ∗ < 1 such that for all δ ≥ δ∗, there are n-revealing
equilibrium profiles σi,δ and σw,δ with expected payoffs, respectively, u∗, u∗i, and w
for all players i and all payoff vectors w ∈ B (u∗, ε/2) ∪ ⋃i,θi B (wθi , ε/2) .

For all sufficiently high δ, we construct a strategy profile σδ with expected payoff
v∗. There are two regimes:

• Report: The regime lasts one period, and the expected payoff vector at the
beginning of the regime is equal to v∗. Each π-positive probability type of
player i plays action s∗i ∈ Ai. Each π-zero probability type θi of player i
plays si (θi) ∈ Ai such that si (θi) 6= s∗i and si (θi) 6= si (θ′i) for any other
π-zero probability type θ′i. Let a be the realized action profile. If exactly one
player chooses an action corresponding to a zero probability type θi, regime
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Surprise(θi, a) is initiated. Otherwise, players continue with n-revealing equi-
librium σw(a),δ, where w (a) is chosen so that

(1− δ) g (a) + δw (a) = u∗.

For sufficiently high δ, w (a) ∈ B (u∗, ε) and equilibrium profile σw(a),δ exists.
• Surprise(θi, a): In each period of the regime, players play action profile aθi .
At the end of each period, the players use the public randomization de-
vice to determine the continuation behavior. With probability x, the play-
ers switch to n-revealing equilibrium profile σw with expected payoff vector
w ∈ B

(
wθi , ε/2

)
that we determine below; with probability y, the players ini-

tiate regime Report, and with the remaining probability 1−x− y, the players
remain in the regime Surprise(θi, a). The expected payoff in the beginning of
each period of the regime is equal to uθi,a,δ, where

(1− δ) g (a) + δuθi,a,δ = ε

2Muθi +
(

1− ε

2M

)
v∗. (B.3)

Any deviation from action profile aθi by player j results in abandoning the
regime and switching to n-revealing equilibrium profile σj,δ.
We choose w ∈ B

(
wθi , ε/2

)
so that

βvθi + (1− β)w =
ε
2u

θi − (1− δ) vθi
ε
2 − (1− δ) .

We let x = 1−δ
δ

1−β
β

, and y so that

δy

1− δ + δx+ δy
= 1
δ

(
1− ε

2M

)
.

Then, for sufficiently high δ, x+ y < 1, and

uθi,a,δ = 1− δ
1− δ + δx+ δy

vθi + δx

1− δ + δx+ δy
w + δy

1− δ + δx+ δy
v∗

satisfies equation (B.3).

The profile starts in the regime Report.
We use the one-shot deviation principle to check that the profile is an equilibrium.

The expected payoff from playing action si (θi) in the Report regime for any type
θi is equal to uθi (θi), whereas the expected payoff from playing any other action is
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not higher that maxθ′i u
θ′i (θi). Thus, players have no profitable deviations in such a

regime. A deviation during the Surprise regime is punished by a continuation utility
loss of order at least ε/2. Because the one-shot gain is not larger than (1− δ)M , the
deviation is not profitable for a sufficiently high δ. Finally, because all the π-positive
probability types always play the same action, no information is revealed, and the
beliefs do not change.

Appendix C. Proof of Theorem 4

For any two correspondences F,G : Π ⇒ RΘ∗ , say that F is a good approximation of
G if for each π ∈ Π, each v ∈ G (π) , there exists v′ ∈ F (π) such that vi (θi) ≥ v′i (θi)
for each type θi, and vi (θi) = v′i (θi) for each π-positive probability type θi.

Theorem 4 follows from Lemma 8.

Lemma 8. Suppose that set V has a nonempty interior and that V ⊆ IR. Then,
correspondence FRB

1 is a good approximation of ⋃n FRC
n (π) .

Proof. The result follows from the fact that FRB
1 is a good approximation of FRB

1

and from the following three claims:
For each n ≥ 1, if FRB

1 (π) is a good approximation of FRA
n (π), then it is a

good approximation of FRB
n (π) . Indeed, take any v ∈ FRB

n (π) and find a lottery
l = (α, u) ∈ L (π) such that vπ,l = v and such that for any action profile a ∈ Al,

u (a) ∈ FRA
n

(
pπ,l (a)

)
. Because FRB

1 is a good approximation of FRA
n , then we can

find u′ (a) ∈ FRB
1

(
pπ,l (a)

)
such that for each a ∈ Al, ui (θi|a) ≥ u′i (θi|a) for each

type θi with equality for positive probability types. Consider lottery l′ = (α, u′).
Lottery l′ is clearly π-incentive compatible, and it has the same value as lottery l,
vπ,l

′ = v. We use the definition of FRB
1 to check that vπ,l′ ∈ FRB

1 (π).
For each n ≥ 1, if FRB

1 (π) is a good approximation of FRB
n (π), then it is a good

approximation of FRC
n (π) . This claim follows immediately from the construction of

stage nC and the definition of good approximation.
For each n ≥ 1, if FRB

1 (π) is a good approximation of FRC
n (π), then it is a good

approximation of FRA
n+1 (π) . This claim follows from the fact that V ⊆ IR, which

implies that intV ⊆ FRB
1 (π) . �
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Appendix D. Proof of Theorem 5

In this Appendix, we assume that the game has a structure described in Section
5.2. In particular,

intIR =
{
v ∈ RΘ∗ : vi (θi) > 0 for each type θi

}
,

and there exist sets Mi ⊆ RΘi such that 0i ∈Mi and the set

intV = intcon
{⋃

i

Mi × {0−i}
}

is not empty.
We begin with a convenient characterization of set FRB

1 (π). Lottery l = (α, u) is
fully-revealing, if all types of each player choose pure actions and any two different
types θi 6= θ′i play different actions, αi (θi) 6= αi (θ′i) .

Lemma 9. Let v ∈ RΘ∗ be a payoff vector. Then, v ∈ FRB
1 (π) if and only if there

exists a fully revealing lottery l = (α, u) such that

(1) for each type profile θ, u (α (θ)) ∈ V,
(2) for each player i, each type profile θ = (θi, θ−i) ∈ Θ

u (θi|α (θ)) ≥ 0,

(3) for each player i, each type θi, and all types θi 6= θ′i,

v (θi) =
∑

θ−i
πθi (θ−i)u (θi|α (θ))

≥
∑

θ−i
πθi (θ−i) max [u (θi|αi (θ′i) , α−i (θ−i)) , 0] .

Proof. By the definition of set FRB
1 (π) , for each v ∈ FRB

1 (π) , there exists a π-
incentive compatible lottery l0 = (α0, u0) with value v and such that for each action
profile a, either beliefs p (a) are degenerate on the type tuple θ and

u0 (a) ∈ FRA
1 (θ) = NE (θ) ,

or the beliefs p (a) are non-degenerate, and

u0 (a) ∈ FRA
1 (p (a)) = intIR ∩ intV.
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Let a be an action profile that is played with π-positive probability types θ =
(θi, θ−i) in strategy profile α0. Because

intIR ∩ intV ⊆ NE (θ) ,

we can assume that u0 (a) ∈ NE (θ). Furthermore, we can find u1 (a) ∈ intV such
that u1 (θi|a) = u0 (θi|a) and u1 (θ′i|a) ≤ u0 (θ′i|a) for each player i and each type
θ′i 6= θi. Also, notice that payoffs u0 (a) are individually rational, which implies that

max
{

0, u1 (θ′i|a)
}
≤ u0 (θ′i|a) for each type θ′i.

We construct a fully revealing lottery l = (α, u) . Find a strategy profile α such
that all types of each player chooses pure actions and any two different types θi 6= θ′i

play different actions, αi (θi) 6= αi (θ′i) . For each type profile θ define

u (α (θ)) =
∑
a

(∏
i

α0
i (ai|θi)

)
u1 (a) .

We check that l satisfies the thesis of the Lemma. Notice that u (α (θ)) is equal to
a convex combination of elements of V, which implies that u (α (θ)) ∈ V . Second, for
each θ, ui (α (θ) |θi) ≥ 0 as a convex combination of non-zero payoffs. Third, notice
that because lottery l0 is π-incentive compatible, for each action ai,

v (θi) ≥
∑

θ−i
πθii (θ−i)u0

i

(
θi|ai, α0

−i (θ−i)
)

with equality when action ai is played with positive probability by type θi, α0
i (ai|θi) >

0. It follows that

v (θi) =
∑

θ−i
πθii (θ−i)u (θi|αi (θi) , α−i (θ−i))

=
∑

θ−i
πθii (θ−i)u1

(
θi|α0

i (θi) , α0
−i (θ−i)

)
≥
∑

θ−i
πθii (θ−i)u0

i

(
θi|α0

i (θ′i) , α0
−i (θ−i)

)
≥
∑

θ−i
πθii (θ−i) max

{
0, u1

i

(
θi|α0

i (θ′i) , α0
−i (θ−i)

)}
=
∑

θ−i
πθii (θ−i) max

{
0, ui

(
θi|α0

i (θ′i) , α0
−i (θ−i)

)}
.

�
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The next result is a key step in our argument. Take any vector of payoffs v∗ that are
individually rational for all positive π-probability types of all players and that can be
obtained by a play of non-revealing actions followed by a payoff vector from stage 1B,
v∗ = γg+ (1− γ) v′ for some g ∈ V and v′ ∈ FRB

1 (π). Then, the Lemma shows that
there exist a corresponding fully revealing equilibrium v, with the same payoffs as v∗

for the positive probability types and not smaller, and individually rational payoffs
for the zero-probability types.

Lemma 10. For each player i, each π ∈ Π, each payoff vector v∗ ∈ intcon
(
FRB

1 (π) ∪ V
)
,

if v∗i (θi) ≥ 0 for each player i π-positive probability type θi, there exists v ∈
FRB

1 (π) st. (a) v∗i (θi) = v (θi) for all π-positive probability types, and (b) vi (θi) =
max {0, v∗ (θi)} for all π-zero probability types θi.

The idea of the construction is to start with full and immediate revelation and delay
the play of non-revealing actions after the revelation. We need to be careful so that the
expected payoffs and the incentives to reveal information truthfully are not affected
and that continuation payoffs after the revelation are individually rational. To see
the difficulty, suppose that l′ = (α, u′) is a fully-revealing lottery with value v′ that
satisfies the conditions from the above Lemma. Then, u′ (α (θ)) is the continuation
payoff after type profile θ is revealed.

In a first attempt, we can construct a new lottery with continuation payoffs equal
to u′ (α (θ)) = γg + (1− γ)u′ (α (θ)). In other words, we can ask players to reveal
their information immediately, play non-revealing actions with payoffs g for fraction
γ of time, and follow by the continuation payoffs from lottery u′ (.) The value of such
lottery is v∗, and one can easily check that such lottery would be incentive compatible.
However, in general, there is no guarantee that the payoffs u (α (θ)) are individually
rational for types θ.

For this reason, we distribute the fraction of time spent playing non-revealing
actions across continuations following different realized types in an unequal way. We
use the fact that we can find m∗i and γi ≥ 0 such that γg = ∑

i γi (m∗i ,0−i) and∑
i γi = γ. We construct a new lottery with continuation payoffs equal to u′ (α (θ)) =∑
i γi (θ) (m∗i ,0−i)+(1− γ)u′ (α (θ)), where γi (θ) is the fraction of time spent playing

player i’s part of the non-revealing action following reported profile θ.We show that
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we can choose γi (θ)s so that the continuation payoffs are individually rational, and
the value and the incentives are preserved. The proof contains the details.

Proof. Take v∗ ∈ intcon
(
FRB

1 (π) ∪ V
)
and such that v∗i (θi) > 0 for each player i

π-positive probability types θi. Find γi ∈ [0, 1] , m∗i ∈ Mi, and v′ ∈ FRB
1 (π) such

that

v∗ =
∑
i

γi (m∗i ,0−i) + (1− γ1 − γ2) v′.

Use Lemma 9 to find a fully revealing lottery l′ = (α, u′) with value v′ and such
that l′ satisfies the conditions from the Lemma. For each type profile θ ∈ Θ, find
βi (θ) ≤ 1 and bi (θ) ∈Mi for each playeri such that ∑i βi (θ) ≤ 1, and

u′ (α (θ)) =
∑
i

βi (θ) (bi (θ) ,0−i) .

(Here and below, (bi (θ) ,0−i) is a vector with 0s on coordinates of players j 6= i and
the coordinates of player i equal to bi (θ).)

For each two types θi and θ′i of player i, define the expected payoff vector v̂∗,θii of
player i who reports θi during the lottery stage:

v̂∗,θii = γim
∗
i +

(
1−

∑
i

γi

)∑
θ−i

πθii (θ−i) βi (θi, θ−i) bi (θi, θ−i) .

Thus, v∗i (θi) = v̂∗,θii (θi). Moreover
We construct a fully revealing lottery l̂ = (α, û): For each type θ−i,

• for each type θi such that v∗i (θi) > 0, let

ûi (αi (θi) , α−i (θ−i))

= γi + (1−∑i γi) βi (θi, θ−i)
γi + (1−∑i γi)

∑
θ′−i

π−i (θ′−i) βi (θi, θ′−i)
· v̂∗,θii .

• for each type θi such that v∗i (θi) ≤ 0, let ûi (αi (θi) , α−i (θ−i)) = 0i.

We check that lottery l̂ satisfies the four conditions of Lemma 9 and that its value is
v∗.

For any profile θ, any player i, the definition implies that û (θi|α (θ)) ≥ 0.
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We show that û (α (θ)) ∈ V for each profile θ. Observe that

γi (m∗i ,0−i) + (1−∑i γi)
∑
θ′−i

π−i
(
θ′−i
)
β
(
θi, θ

′
−i

)
(bi (θi, θ−i) ,0−i)

γ + (1−∑i γi)
∑
θ′−i

π−i (θ′−i) β (θi, θ′−i)
∈Mi × {0−i} .

(D.1)
If v∗i (θi) > 0 for the types of all players, then the claim follows from the observation
and the fact that û (α (θ)) is a convex combination of terms (D.1). If v∗i (θi) > 0 for
exactly one player, then û (α (θ)) is a convex combination of term (D.1) and (0i,0−i) .
Finally, if v∗i (θi) ≤ 0 for the types of all players, then û (α (θ)) = (0i,0−i) ∈ V.

We compute the value v = vπ,l of the lottery l̂. For each type θi such that v∗i (θi) > 0,
the value is is equal to

vi (θi) =
∑

θ−i
π (θ−i) ûi (θi|αi (θi) , α−i (θ−i))

=
∑

θ−i
π (θ−i)

γi + (1−∑i γi) β (θi, θ−i)
γi + (1−∑i γi)

∑
θ′−i

π (θ′−i) β (θi, θ′−i)
· v∗i (θi) = v∗i (θi) .

The value of the lottery l̂ for type θi such that v∗i (θi) ≤ 0 is equal to vi (θi) = 0.
For each player i, take any two types θi 6= θ′i. For each type θ′i such that v̂∗,θ′i (θi) ≤ 0,

∑
θ−i

π (θ−i) max {0, u (θi|α−i (θ′i) , α−i (θ−i))}

=
∑

θ−i
π (θ−i) max

0, γi + (1−∑i γi) β (θ′i, θ−i)
γi + (1−∑i γi)

∑
θ′−i

π (θ′−i) β (θ′i, θ′−i)
v̂∗,θ

′
i (θi)


=0 ≤ vi (θi) .

For each type θ′i such that v̂∗,θ′i (θi) > 0,
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∑
θ−i

π (θ−i) max {0, u (θi|α−i (θ′i) , α−i (θ−i))}

=
∑

θ−i
π (θ−i)

γi + (1−∑i γi) β (θ′i, θ−i)
γi + (1−∑i γi)

∑
θ′−i

π (θ′−i) β (θ′i, θ′−i)
v̂∗,θ

′
i (θi)

=γim∗i (θi) +
(

1−
∑
i

γi

)∑
θ′−i

π
(
θ′−i
)
β
(
θ′i, θ

′
−i

)
bi (θi|θ′i, θ−i)

≤γim∗i (θi) +
(

1−
∑
i

γi

)∑
θ′−i

π
(
θ′−i
)

max
{

0, β
(
θ′i, θ

′
−i

)
bi (θi|θ′i, θ−i)

}

≤γim∗i (θi) +
(

1−
∑
i

γi

)
v′i (θi) = v∗i (θi) = vi (θi) .

where the last inequality follows from the fact that lottery l satisfies condition 4 of
the Lemma. The proof is concluded by an application of Lemma 9. �

The last result uses the definition of good approximation introduced in Appendix
C.

Lemma 11. FRB
1 is a good approximation of ⋃n FRC

n (π) .

Proof. As in Lemma 8, the result follows from the fact that FRB
1 is a good approxi-

mation of FRB
1 and from the following three claims. We omit the proofs of the first

two claims, because the argument from Lemma 8 applies verbatim.
For each n ≥ 1, if FRB

1 (π) is a good approximation of FRA
n (π), then it is a good

approximation of FRB
n (π) .

For each n ≥ 1, if FRB
1 (π) is a good approximation of FRB

n (π), then it is a good
approximation of FRC

n (π) .
For each n ≥ 1, if FRB

1 (π) is a good approximation of FRC
n (π), then it is a good

approximation of FRA
n+1 (π) . Indeed, take any v ∈ intIR∩ intcon

(
FRC

n (π) ∪ V
)
and

find α ∈ [0, 1] , a ∈ V , and u ∈ FRC
n (π) such that

v = αa+ (1− α)u.

Find u′ ∈ FRB
1 (π) such that ui (θi) ≥ u′i (θi) for each type θi, and u (θi) = u′i (θi) for

each π-positive probability type θi. Let

v′ = αa+ (1− α)u′.
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Then, v′ satisfies the hypothesis of Lemma 10 and we can find v′′ ∈ FRB
1 (π) such

that (a) v′i (θi) = v′′ (θi) for all π-positive probability types θi, and (b) v′′i (θi) =
max {0, v′ (θi)} ≤ vi (θi) for all π-zero probability types θi. �

Theorem 5 follows from Lemma 11.

Appendix E. Proof of lemma 5

The first inequality in (5.5) implies that

αTT ≤
2
3 −

1
3αWW −

2
3αWT .

Substituting into the second inequality, we obtain

2xαWW + (1 + 3x)αWT ≥ (1− 3x)
(1

3 + 1
3αWW + 2

3αWT

)
,

or, after some algebra,

(9x− 1)αWW + (1 + 15x)αWT ≥ 1− 3x.

It follows that

2αWW + 4αWT − 2αTT

≥8
3αWW + 16

3 αWT −
4
3

≥
(8

3 −
16
3

9x− 1
1 + 15x

)
αWW + 16

3
1

1 + 15x (1− 3x)− 4
3 .

If x < 3
100 , then the above expression is strictly larger than 2 for each αWW ≥ 0.
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